Abstract. Using a clear and straightforward approach, we discover and prove new binary digit extraction BBP-type formulas for polylogarithm constants. Some known results are also rediscovered in a more direct and elegant manner. Numerous experimentally discovered and hitherto unproved binary BBP-type formulas are also proved.
Introduction
This paper is concerned with proving each of a lengthy list of conjectured binary BBP-type formulas collected in the "Compendium of BBP-Type Formulas", an online collection of BBP-type formulas for various mathematical constants ( [3] ). The formulas have, in most cases, been outstanding for upwards of fifteen years, in spite of many thousands of downloads of the BBP Compendium. New binary BBP-type formulas, together with their proofs, will also be derived.
BBP-type formulas are formulas of the form
Notation
Degree s (2 Z C in this paper) polylogarithm functions Li s are defined by
In particular, for jzj D 1 and x 2 R we have Li 2n OEe ix D Gl 2n .x/ C iCl 2n .x/;
where Gl and Cl are Clausen sums [11] defined, for n 2 Z C , by
We shall find the following formulas useful: B n .x/t n nŠ :
In order to save space, we will give the BBP-type formulas using the compact P-notation ( [3] ):
a j .kl C j / s Á P .s; b; l; A/; where s, b and l are integers, and A D .a 1 ; a 2 ; : : : ; a l / is a vector of integers.
Scheme for Obtaining the BBP-Type Formulas
The derivation of a desired degree s BBP-type formula proceeds in two stages:
(i) An attempt is made to express the polylogarithm constant, c, of interest as a linear combination of the real or imaginary parts of polylogarithms:
or c D X j ®ˇj Im Li s q j exp.iy j / ¯
for˛j ;ˇj 2 Q, p j ; q j 2 .0; 1/ and x j ; y j rational multiples of .
(ii) The identities
and
for p 2 OE0; 1, x 2 OE0; 2 and s 2 Z C , for the real and imaginary parts of a polylogarithm function are then employed to write each constituent term of the linear combination as a BBP-type formula and the indicated combination is then formed. In particular if a binary formula is sought, then p j ; q j in the above formulas must be taken as positive integral powers of 1=2 for x D ,
Another example is (q 2 Z C ) The reader should note that the series given above are not the only possible ones for the indicated constants; in general, the series used will depend on the particular base and length that are targeted. For instance, a base 2 4q , length 8 version of (9) 
It is of course possible to give BBP-type formulas in general bases for other classes of polylogarithm constants. This is however not the subject matter of this paper.
By way of a specific illustration of how to derive a BBP-type formula for a polylogarithm constant, let us apply the above procedure to obtain a base 2 12 length 24 formula for log 2 2. The first step is to express this constant as a linear combination of polylogarithms. This is accomplished through the identity (equation (17), Section 5.1)
The next step is to now write each of the three constituent members on the right hand side as a BBP-type formula and then form the indicated combination. 
Putting x D 1=2 in the above formula gives the well-known result
A two-variable functional equation for dilogarithms, due to Kummer (see equation (A.2.1.19) of [11] ) is
Putting x D 1 and y D 1=2 in Kummer's formula gives
while using x D exp.i =3/ and y D 1=2 yields
Putting x D 1=2 and y D exp.i =2/ in Kummer's formula gives 
Another two-variable functional equation for dilogarithms, due to Abel (see
Putting x D i and y D 1 in Abel's formula and taking real and imaginary parts, gives
Putting x D 1=2, y D exp.i =3/ in Abel's formula and taking the imaginary part, gives
Putting x D i D y in Abel's formula and taking real and imaginary parts, gives
Base 2 12 Binary BBP-Type Formulas
Solving Equations (21) and (24) simultaneously, we find
Solving equations (22) and (25) simultaneously, we find
Identities (26), (27), (28) and (29) facilitate the derivation of base 2 12 , length 24 BBP-type formulas for the respective polylogarithm constants through the prescription of Section 3. The explicit formulas or their variants are listed in the BBP Compendium. 
Using equation (18) in equation (22), we have
Applying the prescriptions of Section 3 to equations (30), (31), (18), and (32), respectively, we obtain the following base 2 60 , length 120 binary BBP-type formulas: In what follows, we present, together with their proofs, new binary degree 3 BBP-type formulas for these and the remaining three trilogarithm constants.
Generators of Degree 3 BBP-Type Formulas
A functional equation for trilogarithms (equation (A.2.6.10) of [11] ) reads 
The use of x D 1, y D i in the above equation gives 
Using x D 1, y D 1 C i in equation (39) 
Using x D 1, y D 1=2 in equation (39) gives the identity
We are now ready to derive formulas for 3 , log 2 2, .3/, 2 log 2 and log 3 2. 
Application of the prescriptions of Section 3 to the identities (43), (44) and (45) facilitates the derivation of base 2 12 , length 24 BBP-type formulas for the respective polylogarithm constants. The explicit formulas or their variants are as listed in the BBP Compendium.
Base 2 60 Formulas
Eliminating log 2 2 between equations (38) and (41), we have the following BBPready formula for 3 :
Eliminating 3 between equations (38) and (41), we get the following BBP-ready formula for log 2 2:
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Eliminating 2 log 2 and log 3 2 between equations (36), (37) and (40) we find
Eliminating .3/ and log 3 2 between equations (36), (37) and (40) we find
Elimination of 2 log 2 and .3/ between equations (36), (37) and (40) gives
As in the previous cases, the application of the prescriptions of Section 3 to the identities (46), (47), (48), (49) and (50) facilitates the derivation of base 2 60 , length 120 BBP-type formulas for the respective polylogarithm constants. The explicit formulas or their variants are as listed in the BBP Compendium.
Degree 4 Formulas
Next we derive binary BBP-type formulas for 4 , 2 log 2 2, log 4 2 and two linear combinations of Cl 4 . =2/, log 3 2 and 3 log 2. We will also give formal proofs of the known but hitherto unproved formulas for these polylogarithm constants.
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Generators of Degree 4 Binary BBP-Type Formulas
The two-variable degree 4 polylogarithm functional equation (see equation (7.90) , p. 211 of [11] ) reads
where
Evaluating equation (51) 
Finally, evaluating the identity at ..1 i /=2; 1=2/ and taking real and imaginary parts, we find 
We are now ready to derive formulas for 4 , 2 log 2 2, log 4 2, and the two linear combinations of Cl 4 . =2/, log 3 2 and 3 log 2. 
The identities (54), (58), (59) and (60) facilitate the derivation of base 2 12 , length 24 BBP-type formulas for the respective polylogarithm constants. The explicit formulas are listed in the BBP Compendium. The identities (57), (61), (62) and (63) facilitate the derivation of base 2 60 , length 120 BBP-type formulas for the respective polylogarithm constants. The explicit formulas are listed in the BBP Compendium.
Degree 5 Formulas
Next we give formal proofs for the binary BBP-type formulas for .5/, 4 log 2, 2 log 3 2 and log 5 2. These formulas were found experimentally by David H. Bailey, using his PSLQ algorithm. This section provides the first avenue where the hitherto unproved formulas are formally proved.
Generators of Degree 5 Binary BBP-Type Formulas
The following two-variable degree 5 polylogarithm functional equation was derived by Broadhurst [7] (equation (63) 
In the above formula D 1 x, Á D 1 y,˛D x= andˇD y=Á.
